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The union of random groups and random
partitions, applied to random matrices,
benefits all three.
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Random groups

[Wood 2014]

Ellenberg, Huang, Lee, Mészaros, Nguyen,
Sawin, Venkatesh, Wood, ... 2014+
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Singular values: real
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Ergodic theorﬁ [Bellman 1954],

Furstenberg-Kesten 1960]...
Stattistical Ph gsics [Akemann-

Burda-Kieburg, 2010+]
Newral networks



®: Whieh probabLLLtg measures on abelian p-groups (¥6 = V" ) describe those occurring

1w nwatwre’?

Cohen and Lenstra (1983): P(G> ot %\'F/A‘\ut((f)

(distributions of class groups)

“Our po'w\,t Ls that the wmost natve assumptéow on the distribution ... leads ol'c,rectLg

to the Cohen-Lenstra principle that groups should carry a weight inversely
proportional to the order of its automorphism group” -Friedman and washington,

1985

Naive model random group: cokernel of random matrix
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Basic progression:

1. Probe limit by exact computations with algebraically
nice models (e.g. additive Haar matrices)

2. Prove uwi\/ersal,itg, same Limtts shared bg different
prelimit matrix distributions (moment methoo)




HOW TO DESCRIBE LIMITS OF A BIG RANDOM GROUP?

CO'L(AB converges in distribution as N —> 00, but

COk(AT ALAQ.) gets biggeras T —> 99 (no convergence).

caw still study e.g. its rank.



HOW TO DESCRIBE LIMITS OF A BIG RANDOM GROUP?

CO‘L( A) converges in distribution as N —> 00, but

CO(L<A—,« ALAi) gets biggeras T —> 9 (o convergence).

caw still study e.g. its rank.

TD(JLU)? i — Z @"’LPS% ('—D)-SL— (* integer)
\



“DISCRETE SINGULAR VALUES”

A € th N (\Z\{) has decomposition

. UD\O?E”/?“’W, el

\ = /\ = e /\ > 0 “stngular numbers”
e b (integer partition)



random matrix

A

singular numbers cokernel

Random partition Random group

/\:</\I//\l/'"'//\l\>> 4.,.........> CO'LO\) = é /7»/?\;2

Lsomorphism type



How DOES A ‘BIG’ RANDOM (ABELIAN P-) GROUP LOOK?

(trivial)

" ey
Cok(A~ AA,) = Z/F.BZ@Z/‘;Z@Z/(;.Z@Z/foz@w@Z/FOZ
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How DOES A ‘BIG’ RANDOM (ABELIAN P-) GROUP LOOK?

ndependent Gaussians

%"(T) NC.I'T - OTF Zi N [VP 20201, [Shen 2024]

(Haar) (uwiversali’cg)
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Theorem [VP 2020]
For Lwalcpewolewt N x N Haar meatrices, as T — 09,

)
>\\((7r = /\/ (0/ ) in Joint distribution.
AT

Theorem [VP 2023a]
For tndependent N x N Haar matrices, as N, T — o9,

(i)

>\/('T> ‘\%Lﬁd) _*% i, in Joint distribution.

\

Theorem [VP 2023b]
Construct multi-time Limit of N (+) «\0% () (reflecting Poisson sea),

M L,

which has (1)) as stationary distribletion.

Theorem [Nguyen-VP 2024]
2. are universal: any matrix distribution (wonconstant mod p)

yrelds same asywmptotics. Also holds for Lnteger entries.



WHERE ELSE DOES THIS LIMIT APPEAR?

Cokernels of block-triangular matrices [Mészaros 2024]

A A Kirillov, 1990s: How does Jordawn type of uniformly random upper-

triangular matrix Look?

0 * *x x x 0O 1 0 0 0
/00***\ /001 oo\
000 «x x|—]0 0O |00}~ =(3,2)= A
0000 x 00001
\0o 0000/ \oool oo




AW ~CN + oI Z

dependent qaussians

[Borodin 1995]

N\(200) =(1e8, 45,23, 12, F 3 ) from 200 x 200 matrix over [F

> b (0L i



[Alexei Borodin, ICM 2014]

Macdonald processes q,fc e [o, 1)

Ruijsenaars-Macdonald system
Representations of Double Affine Hecke Algebras

Hall-Littlewood processes

Random matrices over finite fields

q-Whittaker processes
q-TASEP, 2d dynamics t=0

q-deformed quantum Toda lattice

Representations of ?/ZN . Ug,("}fa/)

J=0

Spherical functions for p-adic groups

Bl
General B RMT 1°9 =1

Random wmatrices over R C [
Calogero-Sutherland, Jack polynomials
Spherical functions for Riem. symm. sp.

Whittaker processes J%‘;,,Oi

Directed polymers and their hierarchies
Quantum Toda lattice, repr. of GL(n, /R)

Kingman partition structures

Cycles of random permutations =0
Poisson-Dirichlet distributions £t=4

Schur processes “Vt

Plane partitions, tilings/shuffling, TASEP, PNG, last passage percolation, GUE
Characters of symmetric, unitary groups
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Bl
General B RMT 1°9 =1
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Random matrices over ZF
[VP 2020]

[Shen-VP 2024]
(c.f. [Fulman 2013])

Spherical functions for Riem. symm. sp.

Whittaker processes J%‘;,,Oi

Directed polymers and their hierarchies
Quantum Toda lattice, repr. of GL(n, /R)

Kingman partition structures

Cycles of random permutations =0

£=1

Poisson-Dirichlet distributions

Schur processes 01,=t

Plane partitions, tilings/shuffling, TASEP, PNG, last passage percolation, GUE
Characters of symmetric, unitary groups

[Alexei Borodin, ICM 2014]
(modified)




MOMENT METHOD

L
real random variable >< has moments E[X ] \L = e
/

Random group G has moments E [EH_:SU\VC[T oyl H >]



A [VP 2024]

: [VP 2025+]

v

Mowment method

[Wood 2014]

Huang, Lee, Mészaros,
Nguyen, Sawin, Wood, ...
2014+

Awnalogy

[VP 2020, 20233,
2023525
[Mészaros 2024]

[VP 2020, 2021, 2023a]
[Shen-VP 2024]

[Nguyen-VP 2022]
[Nguyen-VP 2024]
[Huang-Nguyen-VP 2025+]

The union of random groups and
random partitions, applied to random
matrices, benefits all three.



